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Fig. 1: A multi-dimensional partitioning is modeled as a graph that is embedded into a 2D plane. The graph embedding is used as a
starting point for computing an area- and boundary-length-preserving layout of the partitioning using a cellular automaton approach. To
its outcome, we apply a rendering that highlights relevant features.

Abstract—Partitionings (or segmentations) divide a given domain into disjoint connected regions whose union forms again the entire
domain. Multi-dimensional partitionings occur, for example, when analyzing parameter spaces of simulation models, where each
segment of the partitioning represents a region of similar model behavior. Having computed a partitioning, one is commonly interested
in understanding how large the segments are and which segments lie next to each other. While visual representations of 2D domain
partitionings that reveal sizes and neighborhoods are straightforward, this is no longer the case when considering multi-dimensional
domains of three or more dimensions. We propose an algorithm for computing 2D embeddings of multi-dimensional partitionings.
The embedding shall have the following properties: It shall maintain the topology of the partitioning and optimize the area sizes and
joint boundary lengths of the embedded segments to match the respective sizes and lengths in the multi-dimensional domain. We
demonstrate the effectiveness of our approach by applying it to different use cases, including the visual exploration of 3D spatial domain
segmentations and multi-dimensional parameter space partitionings of simulation ensembles. We numerically evaluate our algorithm
with respect to how well sizes and lengths are preserved depending on the dimensionality of the domain and the number of segments.

Index Terms—Multi-dimensional partitionings, segmentations, dimensionality reduction, parameter space visualization.

1 INTRODUCTION

Given a multi-dimensional domain, partitionings or segmentations split
the domain into connected regions. The regions are disjoint, yet neigh-
boring regions share a boundary. The union of the regions represents
the entire domain again. Such multi-dimensional partitionings occur,
for example, in parameter space analysis of simulation ensembles.
Here, a common analysis goal is to identify regions in parameter space
that share a common behavior in the simulation outcome. Especially
for parameter spaces with more than three dimensions, it becomes
challenging to understand the structure of the partitioning. Besides
investigating the number of segments, it is of interest to understand
how large the parameter-space region for each segment is, as this prop-
erty provides information about the stability of the simulation output
with respect to the input parameters. Additionally, the neighborhood
relations between different segments provide information about pos-
sible transitions between different behaviors. Thus, a visualization
of the partitioning should display all segments simultaneously, should
reveal neighborhoods, and should visualize segment sizes and boundary
lengths of neighboring segments to cover the most important structural
information of the partitioning.

When analyzing image segmentations, the segmentation outputs
are commonly visualized by assigning different colors to different
segments, which works well for 2D domains, but not anymore for
higher-dimensional domains, not even for 3D segmentations. Despite
the fact that 3D images are commonly acquired and segmented in
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different fields such as medicine, geology, or material science, there
exists no approach, to our knowledge, that globally visualizes the
segmentation output similar to 2D domains.

We present an approach for visualizing a multi-dimensional partition-
ing or segmentation in a 2D embedding. Similar to 2D segmentation
visualizations, we encode segments in the 2D embedding by color.
The embedding represents all segments, preserves the topology of the
multi-dimensional segmentation, and optimizes for the preservation
of segment sizes and boundary lengths. The computation of the em-
bedding is based on a graph representation of the multi-dimensional
segmentation and a respective graph embedding. The optimization is
based on a cellular automaton approach. The output of the optimization
is visualized by a shading technique for boundaries and a visual encod-
ing of edge crossings, which cannot be avoided in case of non-planar
graphs.

Our main contributions can be summarized by:
• An algorithm for computing a 2D embedding of a multi-

dimensional segmentation that preserves the topology of the given
multi-dimensional segmentation.

• An optimization of the embedding to generate segment areas and
boundary lengths that match segment sizes and boundary sizes of
the multi-dimensional segmentation.

• A rendering to highlight features of the embedding such as seg-
ment boundaries and edge crossings.

• Application of our approach to visualizing 3D spatial domain
segmentations and n-dimensional parameter space partitionings.

• An in-depth evaluation of the algorithm’s performance based on
its optimization criteria.

2 RELATED WORK

Segmentation of 3D images are ubiquitous in medical image analysis,
among others. Visualizing the segmentation output is typically per-
formed by showing 2D slices of the volume or focusing on individual
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segments of interest [36], i.e., not providing a global representation
of the segmentation output. Similarly, in volume renderings, transfer
functions are applied to assign colors and opacities to regions of interest
to alleviate the inherent occlusion problem, but also do not provide a
visual representation of the entire 3D segmentation.

Multi-dimensional spaces beyond 3D occur in simulation ensemble
analysis [13, 51] when studying the parameter space of the ensembles.
Parameter space partitionings represent the different behaviors that
the simulated phenomenon may have. Sedlmair et al. [39] present
a framework for visual parameter space analysis that identifies parti-
tionings as one of the core analysis tasks. Paraglide [4] provides an
interactive visual analysis of parameter space partitionings using scat-
terplots, but does not focus on understanding the partitioning’s structure
in the multi-dimensional space. Other works [35, 41] use projections
of parameter spaces, but operate on individual points instead of parti-
tionings. Further techniques for the visualization of parameter spaces
are radial layouts [7] and glyph layouts [5], which do not explicitly
show the partitioning with its topology. This also holds for parallel
coordinates, which are a common tool in visualizing multi-dimensional
data and have been adapted for investigating parameter spaces [34, 52].
Closest to our work are the following two approaches for direct visual-
ization of partitionings: Evers et al. [17] use an enriched hyper-slicer
for a distortion-free visualization of multi-dimensional parameter space
partitionings. However, their approach does not provide a high-level
overview of all segments including topology and segment sizes. Fernan-
des et al. [18] study region transitions in partitionings by a glyph-based
approach. They include areas of the segments and boundary sizes be-
tween them, but as the glyphs are relatively complex, the approach does
not scale well to a higher number of segments. However, none of these
approaches provides an overview of the multi-dimensional partitioning.

Our approach uses a graph representation of the multi-dimensional
segmentation. Deriving a graph from a segmentation has been pro-
posed by Ren et al. [37] to visualize joint layouts for segmented meshes.
However, they do not aim at visualizing the properties of the segments.
After deriving the graph from a segmentation, the graph needs to be
visualized while preserving the segmentation’s properties. Various
graph drawing techniques with different characteristics have been dis-
cussed [14, 20, 24, 30, 38, 44, 49, 50]. Common techniques include
force-directed layouts [21, 27], layered graph drawing [42] and orthog-
onal layouts [3].

For graph visualization, besides classical node-link diagrams,
different space-filling visualization techniques have been proposed.
Treemaps [40] visualize weighted trees and provide a good sense of
size-related tasks [19, 47], but our segmentation does not resemble a
tree structure. Also, techniques that focus on visualizing clusterings
in graphs are related to our problem. They include BubbleSets [12],
LineSets [2], and KelpFusion [31], which add regions around previ-
ously placed vertices. GMap [22, 25] creates map-like visualizations of
clustered graphs, but the layout might be highly fragmented. While this
problem can be overcome by modifying the layout or the clustering [28],
the resulting visualization does not ensure joint boundaries in the vi-
sualization in case of connections between the clusters. MapSets [16]
targets a similar problem as GMap, but might lead to complex regional
layouts.

Preserving areas in a given topology is strongly related to car-
tograms [33]. Layouts where shared boundaries present neighborhoods
have been proposed [1,55], but they only apply to planar graphs. Wu et
al. [53] propose a visualization method for clustered graphs that deal
with vertices belonging to more than one cluster by drawing connec-
tions on top of the layout. However, these connections are structurally
different from the visualization of the clusters. Thus, in our case, a
similar approach to dealing with non-planar graphs is not desirable.

3 OVERVIEW

We propose a visual encoding that represents a multi-dimensional seg-
mentation and its most important features. As the driving application
scenario for the development of our approach is the analysis of sim-
ulation ensembles, we derive tasks and corresponding optimization
criteria based on analyzing multi-dimensional parameter spaces. While

the goal of analyzing multi-dimensional parameter spaces motivates
our design choices, the developed approach is nevertheless generally
applicable to the visualization of any domain segmentation.

Motivated by the application to the analysis of multi-dimensional
parameter spaces, our overarching goal is to obtain an overview of the
segmentation, identified as a relevant task in previous work [17]. To
achieve this goal, we identified the following tasks:
T1: Identify neighborhood relations. The topological structure of a
segmentation provides important information. In particular, it reveals
which transitions between parameter space segments are possible.
T2: Understand the relative sizes of the segments. When analyzing a
multi-dimensional parameter space, the users should be able to identify
which portion of the parameter space corresponds to the respective
segment, i.e., how likely the respective behavior is.
T3: Understand the relative sizes of the boundaries between segments.
The sizes of the boundaries indicate how large the parameter ranges are
that allow for direct transitions between the two considered segments.
Our visualization should enable users to estimate whether there is a
strong connection between the segments, which corresponds to a large
boundary size, or whether the segments are only slightly connected.

Based on these tasks, we can define the following properties for our
visual design:
Preserving Topology. The topology of a segmentation is defined by
neighborhood relationships between the segments, thus, preserving it
addresses Task T1.
Representing Segment Sizes. The sizes of multi-dimensional seg-
ments might vary significantly. Therefore, the sizes should also be
represented in the lower-dimensional embedding, addressing Task T2.
Representing Segment Boundary Sizes. To address Task T3, the
embedding should be optimized for the boundary sizes. Note that in
this paper we refer to the boundary sizes as boundary lengths to avoid
confusion with the segment sizes, even though only in 2D they are
actually lengths.

Note that we do not consider the shapes of the segments for our
design, as it is infeasible to represent multi-dimensional shapes in a
single 2D embedding.
Approach. We propose an embedding algorithm for visualizing a
multi-dimensional segmentation in two dimensions. The algorithm
consists of several steps shown schematically in Fig. 1. As input, we
consider a segmented multi-dimensional volume of dimensionality n,
where each segment represents a connected component and is labeled
with a unique ID. The segments partition the n-dimensional domain
such that each point in the n-dimensional domain is assigned to exactly
one segment. Without loss of generality, we assume that the domain is
given in a discrete setting in the form of a regular grid, i.e., each grid
point stores the assigned segment’s ID. This assumption is only made
for implementation purposes. If the multi-dimensional segmentation is
given in another format, it can be easily resampled to a regular grid.

The computation of the embedding (see Sec. 4) is based on a graph
representation of the multi-dimensional segmentation (see Sec. 4.1).
The graph’s vertices represent the segments, its edges represent neigh-
borhood information, segment sizes are stored as vertex weights, and
boundary lengths are stored as edge weights. We, then, compute a 2D
embedding of the graph that minimizes edge crossings. Afterwards,
the graph embedding is used as input to a cellular automaton approach,
which operates on a 2D grid of cells that is initialized with a drawing
of the graph embedding and eventually labels each cell with a segment
ID. The cellular automaton approach iteratively optimizes the area
size of the segments and the boundary lengths between segments to
match the segment sizes and boundary sizes of the multi-dimensional
segmentation while preserving the topological structure (see Sec. 4.2).
We choose a cellular automaton over other optimization algorithms
because it can guarantee topology preservation and can be applied to
the discrete, non-differentiable segmentation data. Moreover, other
algorithm choices that would be applicable, such as genetic algorithms
or simulated annealing, are usually not more efficient. Finally, we
present a rendering approach for the output of the cellular automaton
that highlights its important features (see Sec. 5).



4 EMBEDDING ALGORITHM

4.1 Graph Representation

The topological structure of the segmentation S can be represented by
a weighted, undirected graph G = (V,E). Each segment si ∈ S cor-
responds to a vertex vi ∈ V , and a shared boundary of two segments
si,s j ∈ S is represented by an edge (vi,v j) ∈ E. In addition, there are
also segments that lie at the border of the given domain. This property
should also be preserved. Therefore, we add an additional vertex vb
representing the outer border of the domain. For each vertex vi repre-
senting a segment connected to this outer border, we add a new edge
(vi,vb) to the graph. For our implementation that assumes a segmenta-
tion over a regular grid, we assume two segments to be neighbors, if
and only if two grid cells of the two segments share a common face
along one of the dimensions, i.e. in 3D, cells that only share a ver-
tex or an edge are not considered to be neighbors. In the context of
cellular automata, this is referred to as von Neumann neighborhoods.
For higher-dimensional data, the neighborhood structure of von Neu-
mann neighbors is very sparse as only the neighbors along a single
dimension are considered [56]. For the applications presented in this
work, this does not impose problems since the dimensionality of none
of the presented examples is very high. Additionally, the neighborhood
criterium for creating the graph and computing the boundary lengths
can be easily exchanged without influencing the later stages of the
algorithm. We further enhance our graph representation with weights
for vertices and edges. The size Ai of a segment si is stored as a weight
of vertex vi, which later will be used to preserve the corresponding area
in the 2D embedding. The size Ai is computed by counting the number
of n-dimensional cells that the segment consists of. The size of the
boundary between two segments si and s j is stored as a weight Bi j of
edge (vi,v j) and is computed by counting the number of cells that are
von Neumann neighbors.

Given a graph G that represents the multi-dimensional segmentation,
we next want to embed this graph into two dimensions, where the
embedding shall minimize edge crossings. Edge crossings make a graph
layout more complex and, thus, harder to understand. Additionally,
they represent a structure that does not appear in the multi-dimensional
space, but is an artifact of the 2D embedding. However, the problem of
minimizing the number of edge crossings is NP-hard [23]. Therefore,
we opt for a suitable approximation algorithm using a planarization
method [44]. For simplicity of the rasterization in the next steps, we use
an orthogonal graph drawing algorithm that assures that the boundary
vertex vb is placed close to the boundary. We then create a rasterization
of the graph embedding to create an initial configuration for the cellular
automaton. An example of such an initial configuration is shown as
the graph embedding in Fig. 1. More details on the graph embedding
and creating the initial configuration can be found in the supplementary
material. While the graph drawing already provides a 2D embedding
of the segmentation’s topology, it does not yet reflect the segment sizes
and boundary sizes, which we will add next.

4.2 Cellular Automaton

The graph embedding places the graph vertices in a 2D space and
draws connecting lines for all graph edges. We aim for a visualization
that resembles a 2D segmentation visualization such that the mental
abstraction to other representations, such as graph drawings, is not
necessary. Using the graph embedding as an initial configuration, we
want to transform it to a representation where (1) the graph vertices vi ∈
V become 2D segments with an area according to the vertex weights Ai
and (2) the graph edges (vi,v j) ∈ E become shared segment boundaries
between the 2D segments belonging to vi and v j with a boundary length
according to the edge weight Bi j (cf. Fig. 1). The first goal is related to
that of generating cartograms. We, therefore, build upon an approach
by Dorling [15] using a cellular automaton. While this approach was
criticized for not preserving shapes [33], this is not an issue for us, as
we cannot, generally, preserve the shape of n-dimensional segments in
2D. Moreover, we extend the approach by Dorling to also fulfill the
second goal of boundary length optimization listed above.

The cellular automaton consists of cells arranged in a regular 2D

grid. Each cell of the cellular automaton has a state that can change
based on a set of rules that depends on the state of the neighboring cells.
An iterative process allows for the optimization of a target function.
For our application, each cell’s state corresponds to one of the segment
IDs. If the cell is not assigned to any segment (in the following referred
to as background cells), we assign the ID −1. If the cell represents
an edge crossing (black dots in Fig. 1), we assign the ID −2. Given
the initial configuration, the cellular automaton iteratively changes the
state of the cells facilitating the local optimization according to some
optimization criteria.
Optimization Criteria. When applying the cellular automaton ap-
proach to the initial configuration, each cell can change its state (i.e.,
its label ID) based on the states of the surrounding cells in each iter-
ation. During the iterative process, we want to optimize the area of
the segments and the shared boundary lengths between segments while
preserving the topology.

To optimize the segments’ areas, we compute for each cell the
deviation of the size of the 2D segment it belongs to from the size of
the n-dimensional segment that it corresponds to. The deviation for
segment s is computed by

dA,s =
As,nD

AnD
−

As,2D

A2D
, (1)

where As,nD denotes the size of the n-dimensional segment that corre-
sponds to s, AnD the overall size of the partitioned multi-dimensional
domain, As,2D the current size of segment s in the 2D embedding (com-
puted as the number of cells assigned to segment s), and A2D the size
of the 2D embedding (computed as the total number of cells of the
cellular automaton). Here, dA,s > 0 denotes that the segment s needs to
expand further to represent the original partitioning accurately. Having
computed the deviation dA,s for all segments s, we determine whether
a cell should change its state by investigating, if at least one of the
neighboring cells has a higher deviation. A cell with a neighbor with
higher area deviation will be marked for a state change from its current
segment ID to the neighboring segment ID.

To optimize for shared boundary lengths, we employ a similar ap-
proach. However, the boundary deviation is not computed per segment,
but per pair of segments. In analogy to the segment size deviation, we
compute the boundary length deviation as the difference of the relative
boundary length in high-dimensional space to the relative boundary
length in the 2D embedding. Thus, the boundary length deviation
between segments si and s j is computed by

dL,(si,s j) =
L(si,s j),nD

LnD
−

L(si,s j),2D

L2D
, (2)

where L(si,s j),nD denotes the boundary length between the n-
dimensional segments corresponding to segments si and s j , LnD the sum
of the lengths of all boundaries in the n-dimensional space, L(si,s j),2D
the boundary length between segments si and s j in the 2D embedding,
and L2D the sum of the lengths of all boundaries in the 2D embedding.
Here, dL,(si,s j) > 0 denotes that the length of the boundary needs to in-
crease. Note that for each cell, we can compute a boundary deviation for
each neighbor leading to four boundary deviations per cell. However,
just changing the segment to which the cell belongs does not necessarily
change the length of the boundary. For example, the boundary length
between the blue and the green segment in Fig. 2a is identical even
though one cell has a different state. Therefore, we compute the change
in boundary length L(si,s j),2D when changing the label of the current
cell from segment si to segment s j by ∆L(si,s j) = Nsi −Ns j ,where Nsi

is the number of neighbors of the current cell that belong to segment
si and Ns j the number of neighbors of the current cell that belong to
segment s j. Then, the cell is marked for a state change, if and only if
dL,(si,s j)∆L(si,s j) > 0. In this case, the boundary of the 2D segment is
proportionally larger than in the multi-dimensional space (dL,(si,s j) < 0)
and the boundary length would be reduced (∆L(si,s j) < 0), or the bound-
ary is too short (dL,(si,s j) > 0) while the length of the boundary can be
expanded (∆L(si,s j) > 0).



Topology preserved Topology not preserved

(a) Number of changes (b) Changing Pattern

Fig. 2: (a) Topology is preserved, if the number of segment changes
(grey crosses) when clockwise traversing the Moore neighborhood of the
current cell (grey boundary) is ≤ 3. Otherwise, topology might change. (b)
To prevent topology violations by simultaneously changing neighboring
cells, only non-adjacent cells may change simultaneously.

If a cell was marked for a state change, the target segment to which
the cell should change needs to be defined. Here, we check the area
as well as the boundaries to the four neighbors of the cell and choose
the criterion with the most significant deviation to determine the target
segment of the cell. Note that the initial configuration contains back-
ground cells that we want to vanish. Thus, we set their area deviation to
−1 independent of the background’s size. This corresponds to the min-
imum value and would push the cellular automaton towards changing
the background cells’ state to other segments, leading to a vanishing
background.

While these optimization criteria do not consider the shape of the
segments, more compact shapes are, generally, easier to interpret than
line-like structures. To achieve compact shapes, we use the security
factor introduced by Dorling [15]. The security factor considers the
cell’s neighborhood and measures how exposed the cell is to the corre-
sponding segments. Each von Neumann neighbor that belongs to the
same segment adds a value of 3 to the security factor. Here, we also
consider the neighbors on the diagonal, which add a value of 1. Thus,
we obtain a value between 0 for an isolated cell label and 16 for a cell
completely surrounded by cells of the same segment. We only allow
cells to change their state, if the security factor lies below the threshold
of 11. A detailed investigation of the choice of the security factor and
its influence on the result can be found in Sec. 6.2.

Topology Preservation. Besides optimizing the areas and boundary
sizes, the cellular automaton should preserve the topology, for which
we follow the approach by Dorling [15] with some adaptations. It
can be tested if a cell is critical to preserve the topology by counting
the number of segment changes that occur when traversing the cell’s
Moore neighborhood, i.e., its 8-connected neighbors, in clockwise
order. If the number of segment changes is larger than 3, the cell is
critical for the topology and should not be changed, see Fig. 2a. To
preserve the topology on the grid’s border, we also count the transition
to the border as a segment change. Additionally, isolated cells should
not be allowed to disappear. As we initially start with a background
that should disappear over time, we need to adapt the behavior for the
background cells. Note that only changing the state of background
cells cannot change the topology because of the topology preservation
criterion: If the state change of a background cell leads to a new
shared boundary of two segments, the number of segment changes
when traversing the background cell’s neighborhood must be at least
4 and is therefore marked as critical. This restriction could lead to
background cells not vanishing during the iterative process. Therefore,
we separately check for the background cells to investigate, if a change
would destroy the topology based on the original graph. In some cases,
especially for complex, non-planar graphs, some of the background
cells might remain to separate two segments. As removing them would
lead to topological changes, we keep them as separating boundaries and
treat them differently in the visualization to distinguish them from the
segments (see Sec. 5). Note that the cells that denote an edge crossing
are never considered for change because, by definition, they contain at
least 4 changes when traversing the cell’s neighborhood.

(a) Before (b) After

Fig. 3: To improve the embedding, crossings between segments that
become unnecessary can be removed. These crossings are either
duplicates (grey circle) or crossings where one side is not required
anymore to preserve the topology (black circles).

Iterative Optimization. Following the criteria described above, the 2D
embedding is generated iteratively. To avoid conflicts by simultaneously
changing neighboring cells, Dorling [15] proposed a checkerboard
pattern where diagonal neighbors change simultaneously. However,
applying a standard checkerboard pattern might lead to topology vi-
olations in the Moore neighborhood. Even though we compute the
topology for the von Neumann neighborhood, we want to avoid diago-
nal neighbors in the embedding to avoid confusions. Thus, we apply
a changing pattern that does not allow direct or diagonal neighbors to
change simultaneously, which leads to a pattern as shown in Fig. 2b.
This pattern is iteratively shifted such that each cell may be changed in
every fourth iteration.

Using an iterative algorithm, we need to define some convergence
criterion to determine when the algorithm should terminate. In general,
the user can set a maximum number of iterations. However, we want
the cellular automaton to terminate early, if no further improvements
can be made. For this purpose, we check after each iteration, if the
states changed. If no further changes occur for four iterations, the
algorithm has converged. However, one may observe an oscillation
between different states without improvement. Therefore, we apply a
damping that gets stronger with increased accuracy. For the damping,
we define a probability that a state switches. This probability is defined
as the absolute value of the maximal deviation of either the areas or
the boundaries multiplied by a user-defined scaling factor g. A higher
value of g indicates a higher tolerance to the deviation and, thus, a
weaker damping. Then, the cell switches its state with the calculated
probability. However, the stochastic nature of this approach might cause
the algorithm to stop early. To prevent this, we change the threshold
for stopping the algorithm to ten iterations without changes, which is
also a parameter that can be adjusted by the user.

As we are using a graph layout for node-link diagrams but then
generate a dense visualization of the segmentation embedding instead,
it may occur that some edge crossings created during the initial graph
layout are no longer necessary. Here, we can differentiate between
two cases: First, two segments could cross twice, where one of the
crossings could be removed (see grey circles in Fig. 3), but we need
to ensure that none of the segments is split. Second, an edge crossing
was necessary to connect to another segment or the border, but due to
the disappearance of the background, this connection is now occurring
in another part of the segment. In this case, the part of the segment
whose topological information can be fully replicated by the other part
can be removed together with the corresponding edge crossing (see
black circles in Fig. 3). This is implemented by setting the states of the
corresponding cells back to the background, which creates additional
space for the surrounding segments to spread further. As testing the
conditions for removal is computationally expensive, we do not perform
this step every iteration but in a user-defined frequency. For our results,



(a) Fixed crossing positions (b) Flexible crossing positions

Fig. 4: Keeping the edge crossing position fixed might result in unnec-
essarily complex embeddings (a), while allowing them to move leads to
more compact segments (b). Both examples have been created based
on the same initialization.
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Fig. 5: We create a height profile with plateaus in the center of the
segments and valleys for separators between segments. Here, we set
the height h = 1 and the width for height changes w = 0.5r, where r is the
number of pixels for each cell of the cellular automaton.

we compute the check every 300th iteration.
The positions of the edge crossings are fixed in the layout. However,

allowing them to change their positions can significantly improve the
layout as shown in Fig. 4. Keeping the line crossings fix provides less
flexibility for the relaxation and, thus, might induce more line-like
structures. Thus, we allow them to move by switching the state of
the cell containing the edge crossing with the state of a neighboring
cell. The movement is only allowed, if the topology is preserved. If a
vertical or horizontal movement is possible, we compute the barycenter
of the involved segment and move the edge crossing in the direction
towards the segment’s barycenter, as moving towards the barycenter
generally allows for more compact segments.

The evolution of our algorithm over time, including the different
additional improvements discussed in this section, is shown in an ani-
mation in the supplementary material.

5 RENDERING

Inspired by the renderings of 2D segmentations, we visualize the 2D
embedding by assigning to each segment one color. The colors may
be assigned according to some categorical color map (i.e., trying to
use distinguishable colors) but may also encode some other (meta-
)information about the data, for example, indicating which segments
lead to a similar simulation output when analyzing multi-dimensional
parameter space partitionings. To still clearly observe the segments
even in case of adjacent segments with similar colors, we emphasize
boundaries by applying a shading inspired by cushion treemaps [46,
48]. The shading should allow us to identify the unique segments
independent of the color coding to provide a large flexibility for using
different colors. Additionally, the shading should allow for a better
differentiation of the separators (regions of background cells that remain
to separate different segments) between segments and shared segment
boundaries. Unlike cushion treemaps, we do not want to visualize a
hierarchy, but aim at a relatively simple visualization without adding
too much visual complexity. We follow the idea of cushion treemaps
and use quadratic functions to model the height, but use a piecewise
definition to keep the inner part of the segments flat. Our piecewise

Crossing

Separator

Fig. 6: Shading the segments and visually encoding special features
like edge crossings and background areas allows for a visualization of
segments independent of the color coding.

height function zi(x) in one dimension is shown in Fig. 5. We use an
increase in height from the shared boundaries of the different segments,
while we use a decrease for the separators. We also choose a color for
the separators that is clearly distinguishable from all segment colors.

In the following, we will describe our shading based on the x-
direction of the image. The y-direction is treated identically. To
model the desired behavior, we apply the constraints zi(xi,1) = 0,
zi(xi,1 + w) = h and dzi

dx (xi,1 + w) = 0 where w is the width of the
region where the quadratic increase in height should occur, xi,1 is the
position where the segment i starts, and h denotes the final height of the
segments. Analogous constraints are applied at the end of the segment,
where the height decreases. For the separators, which are modeled as
valleys with a negative height, we set the constraints zv(xv,2 −w) =−h,
dzv
dx (xv,2) = 0 and dzv

dx (xv,2) =
dzi
dx (xi,1) where xv,2 denotes the position

where the separator v ends. Again, analogous constraints are applied at
the start of the separators. These constraints can be used to compute the
normals in these regions as (2(ax+b),2(ay+ c),1), where a, b, and c
are the coefficients that can be computed between the boundaries of
the segments or separators x1 and x2 in x-direction and y1 and y2 in the
y-direction as follows:

a =

{
0 x1 +w < x < x2 −w
− sh

w2 otherwise
,

b =


sh
w2 (x1 +w) x1 ≤ x ≤ x1 +w
0 x1 +w < x < x2 −w
sh
w2 (x2 −w) x2 −w ≤ x ≤ x2

,

c =


sh
w2 (y1 +w) y1 ≤ y ≤ y1 +w
0 y1 +w < y < y2 −w
sh
w2 (y2 −w) y2 −w ≤ y ≤ y2

,

where s = 1, if the corresponding region is a segment, and s =−1, if
the region corresponds to a segment separator.

By applying this kind of rendering, a wide range of color coding
options can be used. Fig. 6 shows a visualization where all segments
contain the same color. Still, the different segments and the edge
crossings are visible. The edge crossings are visually encoded as a
cross where we apply a similar shading as for the segment boundaries.
Thus, the crossings are visible but are not highlighted.

6 ALGORITHMIC EVALUATION

In the following, we will investigate the influences of the different
optimization criteria of our approach as well as its scalability with the
number of segments and the dimensionality of the input data. Two
synthetic datasets allow us to tune the characteristics as desired.

As a first dataset D1, we create a 2D or 3D image segmentation
with a user-defined resolution, an adaptable number of segments, and
varying segment shapes. For each segment, we randomly choose a seed
point and a random growth rate. Then, each segment is expanded by
adding surrounding, still unassigned cells using the growth rate as a
probability. As a second dataset D2, we use a simple 3D cube that is
divided once in all dimensions leading to eight, equally sized segments
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Fig. 7: A 2D embedding (b) of a 2D segmentation (a) allows for a visual
comparison of input and output of our algorithm. We observe that the
topology is maintained (including the light blue segment (label 1) fully
surrounded by the yellow one) and that area sizes and shared boundary
lengths are approximately the same. Shapes and locations are not
preserved, but this was not a desired goal of our approach.

where each segment has a joint boundary with three other segments
and the outer boundary of the domain, see Fig. 1.

To evaluate our approach with respect to different influencing factors,
we define a set of quality metrics that we want to investigate:
Number of edge crossings: We investigate the absolute number of edge
crossings, as fewer edge crossings mean a less complex embedding.
Mean area deviation: We measure how well our area optimiza-
tion works by computing the mean area deviation for all segments
d̄A = 1

|S| ∑s∈S |dA,s|, where dA,s is computed as in Eq. (1) and |S| de-
notes the cardinality of S.
Mean boundary length deviation: We measure how well our bound-
ary length optimization works by computing the mean bound-
ary length deviation for all adjacent segments si and s j by d̄L =

1
|E| ∑(si,s j)∈S×S |dL,(si,s j)|, where dL,(si,s j) is the boundary length de-
viation as in Eq. (2) and |E| denotes the number of edges in the graph
representing the segmentation.
Note that the topology preservation is not explicitely evaluated because
the topology is perfectly preserved based on the construction of the
algorithm.

6.1 Visual Inspection and Numerical Evaluations
We first apply our algorithm to the 2D version of dataset D1 with 20
segments. Using a 2D input is obviously not a meaningful application
scenario, but it allows for a visual inspection and comparison of input
and output, which are shown in Fig. 7. The output is obtained after
5,000 iterations with a damping factor of 7 and a security factor of 11.
We observe that topological structures are preserved. Moreover, area
sizes in both images are similar, which is confirmed by a mean area
deviation of d̄A = 0.016%. Also, boundary lengths are similar, which
is confirmed by a mean boundary length deviation of d̄L = 0.96%. For
example, when investigating the brown segment in the lower left part of
the embedding (label 2), most of its boundary is shared with the lighter
blue (label 3) and the green segment (label 4), while only a small shared
boundary appears with the darker blue color (label 5), which agrees
well with the original segmentation. Location of segments and shapes
are not preserved, but this was not a desired goal of our approach.

Next, we apply our approach to dataset D2 using the same param-
eters as above, see Fig. 1. Here, we obtain a mean area deviation of
d̄A = 0.18% and a mean boundary length deviation of d̄L = 4.49%. In
general, the deviations are significantly higher than for the 2D case.
However, this was to be expected, as in this case, a dimensionality
reduction is involved and, additionally, the graph cannot be embedded
in 2D as a planar graph. Therefore, we obtain four edge crossings and
some separating regions of segments without a shared boundary.

The quality measures for all datasets discussed in this paper are
presented in Table 1 of the supplementary material. Here, we can
observe that the results are rather dataset-dependent.

6.2 Influence of Parameters
Two main parameters for our algorithm are the choice of the damping
factor and the security factor. To identify their influence on the outcome,
we study damping factors between 1 and 9 and security factors between
9 and 12. We use dataset D1 with 5, 10, and 15 segments in 2D
and 3D settings. For all cases, we set the number of iterations to the
number of pixels as the image resolution scales with the segmentation’s
complexity to visualize. The results are shown in Fig. 8. We can
observe that the accuracy slightly increases for damping factors > 3.
This observation can be explained by the fact that too strong damping
leads to early termination of the algorithm, i.e., the result is not fully
optimized. Therefore, we recommend a larger damping factor, even
though it depends on the underlying dataset. When observing the
results for the different security factors, we can observe that 10 and
11 lead to better results in mean area deviation. The variation in mean
boundary length deviation is less pronounced. Here, the security factor
of 12 outperforms the others, which is expected as it allows for more
flexibility in forming boundaries. However, as it performs worse in
area deviation, we still recommend security factors of 10 or 11 based
on the numerical results.

The visual differences between the security factors are shown in
Fig. 9. The results for security factors 9 to 11 are quite similar and the
visual differences are negligible. However, for a security factor of 12,
we see that the boundaries between the segments are significantly more
fine-grained. As this adds additional complexity to the visualization
and, as seen in Fig. 8, does not improve the numerical results in general,
we recommend choosing a smaller security factor. For the following
results, we use a security factor of 11 as a default.

6.3 Optimization Criteria
Next, we want to evaluate the impact of area and boundary length
preservation. Only optimizing boundary length does not lead to desir-
able results, as the boundary length optimization does not allow for a
spreading towards the background voxels of the initial graph embed-
ding. Hence, we compare using area optimization only to the combined
optimization of area and boundary length with respect to the quality
metrics defined above. We choose dataset D1 with 5 to 15 segments in
a 3D setting and a security factor of 11. Note that the area deviations
are significantly smaller than the boundary length deviations leading
to a smaller mean error when considering only areas. To avoid early
stopping in this case, we increase the damping factor to 100 in this
evaluation (while choosing 7 in the other cases). The results are shown
in Fig. 10. We observe that adding boundary length optimization leads
to a larger area deviation, but to a significant decrease in boundary
deviation as expected. However, the difference for the dataset variants
investigated here is relatively small. At the same time, the computations
take much longer if the boundary deviation is included. Thus, for larger
graphs with more complex embeddings when slightly larger boundary
deviations may be tolerable, we recommend only optimizing for areas.

6.4 Scalability
The computational scalability of our approach depends on different
factors. The first step is the graph computation. Computing the vertices
including their weights scales linearly with the number of cells N in the
multi-dimensional domain, leading to a complexity of O(N). For deter-
mining shared boundaries, we obtain a complexity of O(Nn) where n
is the number of dimensions, because, for each voxel, both neighbors
in each dimension need to be checked. Note that the number of cells
increases exponentially with the number of dimensions (when assuming
the same sampling). The subsequent steps for creating the layout only
depend on the weighted graph. Thus, the remainder of the algorithm
is insensitive to the resolution and dimensionality of the input data,
but instead scales with its internal complexity, which is characterized
by the number of vertices and edges. A more complex graph is not
only more expensive to draw, but also requires a larger number of cells
for the cellular automaton, which leads to larger computation times
in the cellular automaton. Additionally, edge crossings increase the
computational cost as additional optimization steps are executed. This
can be confirmed experimentally. We observe that the computational
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Fig. 8: Mean area deviation and mean boundary length deviation are evaluated depending on the damping factor as well as the security factor.
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Fig. 9: Cellular automaton with different security factors applied to the same initial state: The result for a security factor of 12 differs significantly from
the results with lower values, introducing unnecessary visual complexity.
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Fig. 10: The comparison of different evaluation criteria shows the trade-
offs between only optimizing for area and optimizing for both area and
boundary length. The p-values are computed using a paired t-test.

costs increase significantly with the number of segments (see Fig. A2
in the supplementary material). The increasing number of cells most
likely also causes the decrease in the mean deviation.

Table 2 of the supplementary material provides an overview of the
run times for the different steps of the algorithm of different real-
world and artificial datasets. Which step is the computationally most
expensive one strongly depends on the dataset. The computation time
for the graph is mainly determined by the number of voxels in the input
space, which confirms the theoretical considerations. The complexity
of the graph, for which the number of edge crossings and the number
of segments provide an indicator, mainly determines the computation
time for the embedding. The number of cells of the cellular automaton
is the main influencing factor for the computational cost of running the
automaton. However, early termination of the automaton significantly
reduces the computation times for this step. The respective quantitative
analysis is detailed in Section C of the supplementary material.

7 APPLICATION TO REAL-WORLD SCENARIOS

We demonstrate the applicability of our approach to real-world prob-
lems by applying it to the visualization of 3D image segmentations
as well as to 4D and 5D parameter space partitionings of simulation
ensembles. We also discuss our approach in comparison to visualizing
the segmentation as a graph drawing. A second 3D segmentation use
case can be found in the supplementary material.

7.1 3D Image Segmentations

As a first use case, we apply our algorithm to a 3D volume segmenta-
tion used as an input for a radiofrequency ablation simulation. The 3D
domain covers the human body around the liver and contains different
organ tags as well as tags for a tumor and the needle that is used for
radiofrequency ablation. The dataset has a resolution of 92×92×92
and contains 11 different segments. As the regions with unique organ
tags are not all connected, we set a unique ID for each connected com-
ponent, which leads to 59 segments. A volume visualization showing
only a subset of the tissue types is shown in Fig. 11a. While a 3D
segmentation could also be visualized in a volume rendering, showing
a growing number of segments quickly leads to occlusion. Without
interaction, rendering 11 segments at the same time is already challeng-
ing. However, we do not consider our visualization to be a replacement
for common volume visualization techniques but instead propose to
use the segmentation embedding to obtain an overview of all segments
and investigate their sizes and topology. For example, it could be used
in an interactive setting, where segments of interest can be selected in
the embedding and shown in a 3D surface or volume visualization.

The resulting embedding is shown in Fig. 11b. Here, we apply a
color coding based on the original segments. When observing the
embedding, we can directly see that the majority of the given domain
is covered by the two segments that are labeled as liver and other tissue
(tissue without specific organ tags). In the center, we see a group of
segments that represent the vessels. The vessels have joint boundaries.
While the hepatic artery (HA) and the portal vein (PV) are connected
to the unlabeled tissue, the hepatic vein (HV) contains no connection to
this kind of tissue. We also spot very small segments belonging to the
hepatic artery (HA) that are isolated inside of a region with no organ
tags. As artery parts that are neither connected to the border of the
domain nor to other vessels are not plausible, this indicates either a
mistake in the segmentation or an undersampling artifact. The needle
used for ablating the tumor is surrounded only by liver tissue, unlabeled
tissue, and tumor. Therefore, we can deduce that the placement of the
needle does not damage any of the other tissue types.

A straightforward alternative design choice for our visualization
fulfilling all optimization criteria would be a representation of the
segmentation properties in a node-link diagram as shown in Fig. 11c.
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Fig. 11: Different visualizations of 3D medical image segmentation data. The volume visualization (a) only shows selected segments (here vessel,
needle, and tumor). The 2D embedding (b) provides an overview of sizes and topological information of all segments. The given organ tags are used
to label the embedding’s segments. (c) Encoding the same information in a node-link diagram using the same color map as in (b). The red boxes
mark very small nodes.

Both log.

Edges log.Without log.

(a) Node-link diagrams (b) Segmentation embedding

pulse delay

exciteOverGap

sigmaX

pumparea

0.00024

9.61

23.01

0.56

0

0

0.0017

0.0017

15

30

0.1

29.9

0.1 29.9 15 30

0.80.3
0.8

0.3

(c) Hyper-slicer

Fig. 12: Different encodings of the node-link diagram (a), 2D embedding (b) and hyper-slicer (c) of a 4D parameter space partitioning of a
semiconductor simulation ensemble. The embedding allows the user to investigate the structures globally, while the hyper-slicer only provides a local
view.

Details on how we create the node-link diagram can be found in the
supplementary material, Section D. The topological information can
be encoded by the edges of the nodes, the sizes of the segments by the
nodes’s sizes and the boundary lengths by the edge width. Therefore,
we explicitly compare such a node-link diagram to our segmentation
embedding. As the boundary sizes vary significantly, we had to choose
a logarithmic scale for the edge widths to keep most of the edges in
a visible range. A segment’s joint boundary with the border of the
domain is encoded by an edge connecting to the black bounding box.

Node-link diagrams have been shown to not scale well with the
number of nodes and an increasing node-link density [32]. We also
observe this issue when comparing our embedding to the node-link
diagram. In general, the dense pixel visualization of our embedding
makes better use of the available screen space. This becomes espe-
cially clear when encoding the segment sizes and edges. Some of
the nodes representing smaller segments are barely visible such as
the ones marked in Fig. 11c. Additionally, the logarithmically scaled
edge widths are hard to interpret with respect to what portion of a
segment’s boundary is shared with another. This problem is also shown
in Fig. 12a, where we compare the different options for a less complex
node-link diagram. While the logarithmic scaling improves the visibil-

ity of edges and nodes such as the small red one, sizes are much harder
to interpret and compare. For example, the size difference between
the yellow and the large red node is hard to estimate (Tasks T2 and
T3). In this example, we also observe occlusion of the yellow node and
some edges, which complicates the understanding of the topological
structure (T1). As the segmentation embedding resembles segmenta-
tion visualizations, segments completely enclosed by other segments
in the high-dimensional domain are visualized as completely enclosed
segments in the embedding, which is quite intuitive. In the graph draw-
ing, instead, such segments are visualized as nodes with a single edge,
where its interpretation requires an additional cognitive effort.

7.2 Multi-dimensional Parameter Space Partitioning
In this section, we analyze multi-dimensional parameter space parti-
tionings of simulation ensembles. We first consider the analysis of
a blood flow simulation ensemble with a 5D parameter space. This
simulation ensemble was created to study the blood flow through a
brain aneurysm and find biomarkers for certain diseases [29]. The
simulation is driven by five different input parameters: a characteristic
length, a characteristic velocity, the viscosity of the fluid, its density,
and a parameter defining the boundary conditions. The simulation
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Fig. 13: Parameter space visualizations of a 5D parameter space par-
titioning of a blood flow simulation ensemble, where the partitioning is
based on a clustering of the ensemble members. Our segmentation
embedding (c) provides a global overview that is not provided by the
hyperslicer (a), yet the hyperslicer can provide some local details. The
sample embedding (b) does not capture the topology of the multidimen-
sional segmentation.

output can be used to partition the parameter space into regions leading
to similar behavior. In this paper, we work on the parameter space
partitioning as determined by Evers et al. [17]. They presented an
approach for partitioning the parameter space and analyzing it using
a hyper-slicer as shown in Fig. 13a. Their analysis approach also con-
tains a parameter space overview visualization for which they apply
multidimensional scaling to the parameter space samples which are the
parameter settings for the simulation runs. Then, they color code the
points in low-dimensional space based on the cluster they belong to and
additionally insert a larger point representing the cluster for navigation
(see Fig. 13b). However, this visualization does not support the investi-
gation of segment sizes and topological properties. For the parameter
space sampling, we choose a resolution of 10 in each dimension. Our
2D embedding of the parameter space partitioning (Fig. 13c) together
with the parameter space visualizations proposed by Evers and Lin-
sen [17] is shown in Fig. 13. The 2D embedding obtained a mean area
deviation of 0.62% and a mean boundary deviation of 0.38%, which
indicates a very accurate representation. Our 2D embedding reveals
that the green segment is connected to all other segments. This can be
confirmed when viewing those 2D slices where we can see the shared
boundaries. However, the 2D slices only show a subset of information.
For example, we cannot immediately see that the largest part of the
parameter space belongs to the orange segment or that the purple and
the pink segments do not share a joint boundary. The parameter sample
embedding shown in Fig. 13b also does not allow us to obtain this
information. For this use case, it does not become clear from the param-
eter sample embedding that the green and the purple segments share a
joint boundary in parameter space. Thus, the topology information is
not pertained. Additionally, the sizes could only be represented by the
number of points belonging to each segment. However, if several points
are placed close to each other in the parameter sample embedding, the
size information is difficult to obtain. Hence, we conclude that our
2D segmentation embedding allows for a better global overview of the

entire structure of the multi-dimensional partitioning.
Next, we analyze the 4D parameter space partitioning for a semicon-

ductor simulation ensemble [17]. The simulation ensemble was created
to study transport properties in a quantum wire. As in the previous use
case, the partitioning was created by clustering the ensemble members
and transferring this clustering to the 4-dimensional parameter space
of the simulation. We choose the same clustering as Evers and Lin-
sen [17], which results in 7 clusters. The parameter space is sampled
with a resolution of 10 in each dimension. Our 2D embedding of the
parameter space partitioning is shown in Fig. 12b, where we color the
segments according to the clusters. The embedding shows that the
parameter space partitions of the clusters are not necessarily connected.
For example, the red and purple segments are split into two discon-
nected regions. The same partitioning is shown in the hyper-slicer in
Fig. 12c. Obtaining the same structural information would not only
require a significant amount of interaction with the hyper-slicer but also
a high amount of mental effort.

8 DISCUSSION AND CONCLUSION

We presented an algorithm for embedding multi-dimensional parti-
tionings into 2D, where we optimize the area and boundary sizes to
represent those of the multi-dimensional space while preserving the
partitioning’s topology. The 2D embedding was computed by first cre-
ating a graph representation of the partitioning, whose graph drawing
was used as an initial configuration for cellular automaton optimization.
Our rendering of the embedded segments allows for a large flexibility
in the choice of color codings.

Our approach maintains the desired criteria well and allows us to
represent several structures that could occur in segmentations including
segments that are completely surrounded by other segments and con-
nections to the boundary. Besides an evaluation on synthetic datasets,
an application to 3D segmentations as well as to multi-dimensional
parameter space partitionings shows its utility on real-world data. In
particular, we demonstrated that our approach provides an overview
of the entire segmentation structure, which other approaches, such as
a hyper-slicer or dimensionality reductions, cannot provide. We also
compared the segmentation embedding to representations based on
a node-link diagram and showed that our approach presents certain
features of segmentations, such as enclosed segments, more clearly
and uses the available space more efficiently. Interpreting our visual-
ization requires no knowledge about graphs as the underlying graph
representation is not visible in the final visualization. Additionally, we
showed scaling problems of the node-link diagram. However, a deeper
investigation of the strengths and weaknesses of both approaches would
require a user study, which we plan for future work.

Our embedding provides an overview of the segmentation structure
but loses information about the positions and shapes of the segments.
However, linking our 2D embedding to coordinated views of volume
renderings of 3D segments or multi-dimensional data visualizations
(like the hyper-slicer for parameter space partitionings or parallel co-
ordinates) allows for accessing this information for selected segments,
where the selection can easily be performed in our 2D embedding. A
limitation of the current implementation are relatively high compu-
tation times. However, the implementation is not yet optimized and
parallelized, which could lead to a significant speed-up. On the other
hand, the computation of the 2D embedding can be a pre-processing
step for an interactive analysis and only needs to be computed once. If
only small changes in the sizes of the segments and boundaries occur,
it would also be possible to update the embedding instead of requir-
ing a complete recomputation. Thin segments might occur in order
to preserve the topology and in the attempt to optimize the boundary,
which may hamper area estimation. We plan to address this limitation
by adapting the cellular automaton in future work. Incorporating our
2D embedding into more powerful interactive analyses such as analyz-
ing the simulation outcomes of a parameter-space segment is another
potential future research direction, but was clearly beyond the scope
of this paper. Moreover, the quality in preserving the boundary length
is lower than that of the area preservation, which provides room for
further improvements.



SUPPLEMENTAL MATERIALS

The implementation of the algorithm is available at https://github.
com/marinaevers/segmentation-projection. The supplemen-
tal material published together with this paper contains an appendix
with further details for reproducibility and a video that shows the itera-
tive optimization of the algorithm.
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